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BBEJAEHHUE

[lpy  wWccaemoBaHMM  JTUHAMHYECKHUX  CHCTEM  JIOCTATOYHO  4acTo
npeHeOperaloT WX pasMepaMmH, CYHTas, 4YTO peub HUAET O HEKOTOPBIX
MaTepUaIbHBIX  TOYKAX,  OOJAJAMOIIUX  ONPEACIIEHHBIMH  (QU3HYCCKUMHU
CBOWCTBaAMH, HO HE HMMCIOIIMX T'€OMETPHUUCCKUX pa3MepoB. B To ke Bpewms,
CYIICCTBYET IIMPOKUH Kjacc OOBEKTOB, JUII KOTOPBIX TaKoe IpPEHEOpeKeHUE
NPUBOJUT K KA4eCTBEHHO HEBEPHBIM pe3yjbTaTaM MoOJIEIHpoBaHus. l3ydeHue
NOJOOHBIX OOBEKTOB - C paACHpEACICHHBIMM IapamMeTpaMud -  JOJDKHO
OCYIIECTBIISATLCS C YIETOM UX MPOCTPAHCTBEHHOMN MPOTSIKEHHOCTH.

Pemenne 3amauun  MomenwpoBaHUS O0OBEKTa C  paclpeaeaEHHBIMU
nmapaMeTpamMH, aJCeKBAaTHO OIMCHIBAIOIICTO IOBEACHUE (QYHKIUM COCTOSHUS
IPOCTPAHCTBEHHO-TIPOTSDKEHHOTO O0BEKTa, JICKUT B OCHOBE IOCICAYIOIIETO
CHUHTE3a CHCTEMBI YIIPABICHHUS TakUM OO0BbeKTOM. CyIIECTBYIOT pa3IHUYHbIC
MOJXOAbI K  TIOCTPOCHHIO  MaTeMaTHYSCKUX  MOJeNed  OOBEeKTOB ¢
pacrpeeIeHHBIME ITapaMeTpaMu, CPeIu KOTOPBIX MOXHO BBIACIUTE CIICTYIOIIHE
CTIIOCOOBI OITMCaHUS TIOBEJICHUSI O0BECKTA!

e ¢ momonipio aupdepeHIMATBHBIX YPABHCHUH B YaCTHBIX MPOW3BOIHBIX,

MaTeMaTHYECKH (POPMATTU3YIOIINX OCHOBHBIC 3aKOHBI COXPaHEHUS BEIIECTBA

Y DHEPTUU B AJIIEMEHTapHOM 00BbEME;

® C MOMOIIBIO JIMHEHHBIX HHTCTPANBHBIX MpeoOpa3oBaHUM, sSaApa KOTOPHIX
OTpaKalOT BHYTPECHHHUE CBOMCTBA OOBEKTA MO OTHOIICHHUIO K JICHCTBYIOIINM
Ha O0BEKT BHEIITHUM BO3JCHCTBHSIM;

® Ha OCHOBE CTPYKTYPHOM TEOPUHU PACIPEACIEHHBIX CUCTEM, ITO3BOJISIONICH €

MOMOIIBIO  TEPEJaTOYHBIX  (PYHKIMH  THUIOBBIX  OOBEKTOB  C

pacrpeaeIEHHBIMA TTApaMETPAMHU TTOJTYIUTh CTPYKTYPY CIIOXKHOTO OOBEKTa

WA CUCTEMBI;

® C TIOMOIIBIO MOJAJTBHOTO IPEICTABICHUS B BHUAC Pa3lIOKEeHUS (DyHKIIHN

COCTOSIHUS B  OCECKOHEYHBIH Pl 1O  COOCTBEHHBIM  (YHKIIHSIM,



OTpe/eNsieMbIM BHYTPEHHEW CTPYKTYpod OOBEKTa C COOTBETCTBYIOIIUMHU
K03 duUIuEeHTaMH

e MeToAaMH NPUOIMKEHHOTO MOJCIUPOBAHUS IMTYTEM YIIPOIIEHHOTO

® [IPEACTABJICHUS CaMUX UCXOJHBIX AU depeHIInaTbHBIX YPABHEHUN 00BEKTA,
WIM OCHOBAaHHBIX Ha MPUOIMKEHHOM TMPEACTABICHUN TOYHBIX PpEIICHHUN
YPaBHEHHI B YACTHBIX MPOU3BOAHBIX;

® U JIpyTHE.

B nanHOM y4eOHOM mMOCOOMHM 3aTparmBaeTCs JIMIIb Majias 9acTh OOIMMPHON
npobnemsl MoaenupoBanuss OPII, ocHoBaHHasi Ha peNIEHUH OJIHOTO W3 BUIOB
ypaBHEHUN MaTEeMaTUYECKON (DM3UKU - ypaBHEHHS TeruIonpoBOogHOCTH (Dypbe).
Mertonpl pemeHuss KpaeBblx 3a7a4 IPENOJHOCITCS ¢ MPAKTHYECKOM MHKEHEPHOU
TOYKM 3pEHMs,, OCHOBHOW aKIEHT JeJaeTcss Ha (U3MYECKOH CYIIHOCTU
npeodpazoBanuif. CTpororo mareMaTH4ecKOro OOOCHOBaHUSI MCIOJIb3yEMbIX
METO/IOB M TMPUMEHSEMBIX NPUEMOB He npuBoauTcs. [lokazaHO Kak MPaBUIIBLHO
chopMyIMpOBaTh MaTEMaTUYECKYI0 IIOCTAHOBKY KpaeBOM 3alayu JJid  Tel
CTaHJapTHON (kaHOHUYeckoil) ¢opmbl. [lpuBenéH cmocoO perieHuss KpaeBoit
3a/1aud Ha OCHOBE OINEPAIMOHHOTO METOJIa, a TaK)Ke MporpaMMHasi peanu3anus
MOJIYYEHHOTO pelIeHusT B cpeae mnporpamMmmupoBanusi Matlab, mnomydensl u
MIPOAHAM3UPOBAHBI OCHOBHBIE 3aBUCUMOCTH, OTPAXXKAIOIIUE MOBEAECHUE BBIXOIHON
BEJTUYUHBI - PYHKIIUU COCTOSHUSA 00BEKTa (TeMIIepaTypHOTO MOJisi) BO BPEMEHU U
B IIPOCTPAHCTBE MPU 3aJJaHHOM I'PAaHUYHOM YIIPABJICHUH.

[IpuBeneH psin  BapuaHTOB Uil  CAMOCTOSITEIBHOTO  MOJEIMPOBAHMUS
TEMIEPATYPHOIO TMOJs TMPU PA3JIMYHBIX YIPABISIOMIUX BO3ACHCTBHUSIX MO

Ir'paHUYHBIM YCIIOBUAM.

1.OBIIUE CBEJAEHHUSA Ob OBBEKTAX
C PACIIPEJAEJIEHHBIMU ITAPAMETPAMUA

1.1. TIPUHIIUIINAJIBHBIE OCOBEHHOCTHU OBBEKTOB

C PACITPEAEJIEHHBIMHA TAPAMETPAMMU
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[loBeneHne BO BpPEMEHM THUIOBBIX OOBEKTOB, pPacCMaTpPUBAEMBIX B
«KJIACCUYECKOW» TEOPUM aBTOMAaTUYECKOIO YIPABJICHUS, XapaKTEPHU3yeTCs
COBOKYITHOCTBIO KOHEYHOTO YHMCJa BEJIMYMH, U UX ONIMCAHUE B TOM WM UHOU MEpPE
CTPOUTCSI Ha CHUCTEME KOHEYHOI'O 4YHCJia OOBIKHOBEHHBIX JU((epeHIINAIbHBIX
ypaBHeHUH. [1o100HBIE OOBEKTHI HA3BIBAIOTCS OOBEKTAMH C COCPEAOTOUYEHHBIMU
IapaMeTpaMM, a CUCTEMBI YNIPABJICHUS MUMH - CUCTEMAMHU C COCPEAOTOYEHHBIMU
napamMeTpaMH.

Onucanne Takux OOBEKTOB HE YYMUTHIBACT BIMSHHUE MPOCTPAHCTBEHHOM
NPOTSDKEHHOCTH B MpENeNiax  KOHEYHBIX  I'E€OMETPUYECKMX  Pa3MEpOB
paccmaTpuBaeMoro  oOBEKTa Ha  €ro  XapakTepucTuku. Bo  MHorux
pacupoCTpaHEHHBIX Ha MPAKTUKE CIydasX OOBEKThI MOTYT OBITh OTHECEHBI K
KJIacCy OOBEKTOB C COCPEIOTOYCHHBIMU IapaMeTpaMu IpU COXPAaHHOCTU
aZICKBATHOCTH OIMCAHUs UX KaYECTBEHHBIX CBOWCTB.

B 10 e Bpems CylecTBYeT KJacc 0ObEKTOB, KOTOPBIE MPUHIMUIINAIBLHO HE
MOTYT OBITh OTHECEHbl K OOBEKTaM C COCPEJOTOUYEHHBIMH MapameTpamu 0e3
NOTEpU HUX KAYECTBEHHBIX OCOOEHHOCTEW. ITO OOBEKTHL, XapaKTEPUCTHKHU
KOTOPBIX 3aBUCAT HE TOJIBKO OT BPEMEHU, HO U OT IIPOCTPAHCTBEHHBIX KOOPIMHAT,
U3MEHAIOIIMXCS B Ipeaenax o0JacTH, 3aJaHHOW TIe€OMETPUYECKUMHU pa3MepaMu
Tena.

K takum o0beKTaM OTHOCUTCS OOJBILIOE YHCIO PEAIbHBIX TEXHOJIOTMYECKUX
MIPOLIECCOB, MOBEJEHUE KOTOPBIX OCHOBBIBAECTCA HA JEUCTBUM (PU3HMUECKUX MOJEH
pa3IUYHOW MPUPOABl  (TEMIIEPATYpPHBIX, AJIEKTPOMATHUTHBIX TOJIEH, TOJIeH
NOTEHIMAJIOB, KOHIEHTPALUI U T.1T.).

B 3TOM cilyyae mpuHATO FOBOPUTH HE O HEKOTOPOM BEKTOPE YIPAaBISIEMBIX
BEJIUYMH, 3aBUCSIINUX OT OJHOU MEPEMEHHOMN - BpEMEHHU t, a 0 HEKOTOPOU QyHKIIUU
COCTOSIHUS, 3aBHUCSIIEM M OT BPEMEHH, M OT IIPOCTPAHCTBEHHBIX KOOPAUHAT.
[TonHoe onucanue o0ObeKTa TpeOyeT 3HAHUS MOBEACHUS €ro (PYHKIUU COCTOSIHUS

BO BCEHl 3a/laHHON MPOCTPAHCTBEHHOW oOnacT oObekTa. T.e. HEOOXOIUMO



paccMaTpuBaTh OECKOHEYHOE YHCIIO YHPABISEMbIX BEIMUYMH, KaXAas U3 KOTOPBIX
XapaKTepu3yeT MOoBeJeHHE 00bEeKTa B HEKOTOPOl (PUKCHUPOBAHHOW TOUKE.

B nHacrosimee Bpemsi OOJBIIOE YMCIO AKTyaJbHBIX MPAKTUYECKUX 3a7ay
yOpaBiICHUS  pa3iMyHbIMM  (U3WYECKUMHU  TpolieccaMd U3 o0jacTu
TEIUIONPOBOAHOCTH, THAPOIMHAMUKH, aKyCTUKH, IEKTPOAUHAMUKH, AUPPY3UH U
T.J. pelaercs Ha OCHOBE MATEMAaTHYECKOrO ammapara TEOPHUH YIIPABICHUS
O0BEKTaMHU C pacHpeleNéHHbBIME TapaMeTpamu. B nmaHHOM ydyeOHOM mMocoOHH
paccMaTpuBalOTCA 3aJadyd IOJIyY€HUs MaTeMaTHYECKOIO OIMCaHUs O0bEeKTa ¢

pacnpenenéHHbIMU IapaMeTpaMy Ha IPUMEPE MPOIIECCOB MEPEHOCA TEIIA.

1.2. TUITIOBBIE OBBEKTbBI C PACIIPEJAEJIEHHBIMUAU
IHAPAMETPAMMU BTOPOI'O HIOPAAKA, OIIMCBIBAEMbIE
YPABHEHUEM HECTAIIMOHAPHOU TEILIOIMPOBOJHOCTH

N3yuenue nporuecca TEIIONpPOBOJAHOCTH, T.€. Mpoliecca MepeJadyu Teria oT
OJIHOM 4YacTH Tena K IPYrol WiM OT OJHOIO Tela K ApPYyromy, HaXOJsAUIEMYCs B
CONPUKOCHOBEHUH C TMEpPBbIM, MO CBOEH CYHIHOCTH TpeOyeT MNpUMEHEHHUs
CHEUaIbHOI0 MaTEMaTUYECKOr0 anmnapara.

[Ipouecc Temonepenayu, Kak U BCsIKOe (pU3MUECKOE SIBICHUE, TPOUCTEKAET
BO BpPEMEHM U B TMPOCTPAHCTBE U Xapakrepusyercs (B oO0meM ciydae)
HECTaIMOHAPHOM MPOCTPAHCTBEHHO-BpEeMEHHOM (yHKIneH Temmeparypsi f(X,y,z,t),
IZI€ X, y, Z - IPOCTPAHCTBEHHbIE KOOPJIMHATHI B ICKAPTOBOM cucTeMe, t - Bpemsi.

COBOKYIIHOCTP ~ 3HAQUYEHUM  TEMIEPATYPHI o BceMy  00beMy
paccMaTpUBaEMOro Tejla B  OTAEIbHBII MOMEHT BPEMEHM  Ha3bIBAETCS
TEeMIIepaTypHbIM MoJieM. B Teopuu TENmiI0MpoOBOIHOCTH PA3IMYAIOT CTAlMOHAPHOE
Y HECTALlMOHAPHOE TEMIIEPATYPHOE TOJIE.

CrauvoHapHOE€ TEMIIEpaTypHOE MOJIE — 3TO TAKOE II0JE, TEeMIeparypa
KOTOPOro B JII0OOM TOYKe 0ObEeMa HE H3MEHSETCS BO BPEMEHH, a SBISETCA
byHKIIMEW  TOMBKO  MPOCTPAHCTBEHHBIX  KOOPAWHAT. Takoe  TIOBEICHHE

CBOMCTBEHHO YCTAHOBUBILEMYCS PEKUMY.
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Hecranuonapaoe TemnepaTypHOE IoJjie — 3TO MoJie, TeMIIepaTypa KOTOpOro
U3MEHSETCS HE TOJBKO B MPOCTPAHCTBE, HO U C TEUCHHUEM BPEMEHH, U SBISIECTCA
(GyHKIMEN, KaKk IPOCTPAaHCTBEHHBIX KOOPJMHAT, TaK U BpeMeHU. Takoe nmoBegeHue
OIKCHIBACT HEYCTAHOBUBIIIECECS] COCTOSIHUE, TIEPEXOTHBINA PEKUM.

B obwmewm ciydae, TemnepatypHoe nosie ' = 7(x,),z,t), COOTBETCTBYIOILIEE
YPaBHEHHUIO

T(x,y,z,t) = f(x,y,z,t) (1)
SBJISIETCS IPOCTPAHCTBEHHO PacpeeIEHHBIM (TPEXMEPHBIM).

Onucanne mporecca TEIIONPOBOJHOCTH, KaK HM MHOTHUX JAPYTUX
¢uznyecKkux  MPOIECcCOB, MOXET  OBITh  OCYIIECTBICHO HAa  OCHOBE
TupepeHIMaTbHBIX YpaBHEHUH B YaCTHBIX IPOU3BOJHBIX, Ha3bIBAEMBIX
YpaBHEHUSAMU MaTEMaTHUECKON (U3UKH.

IIporecc pacmpoCTpaHeHHs Temna B OJHOPOAHOM H30TPOITHOM' —Tese
OIKCHIBACTCSI YPAaBHEHUEM TEIUIONPOBOIHOCTH, 3a/AIOLIUM 3aBUCHUMOCTh MEXIY
TEMIIEPATypOil, BpeMEHEM B KOOpINHATAMH 0€CKOHEYHO MaJIOTO 00bEMA.

B TunuuyHOW cuTyalMu paccMaTpUBAETCS HECTAlMOHAPHBIA Ipolecc
TEIUIONEpeJayl B TBEPAOM Telle, OCYIIECTBISIIONIMICS 10 HOpMalud K
M30TEPMUUYECKUM®  MOBEPXHOCTSM, @  TeIUIO(GH3MUecKHe  KOA(QHIHEHTE!
CUMTAIOTCA HE3aBUCUMBIMU OT KOOpJAMHAT M BpeMeHH. TemmepaTypa B KaxIo0i
touke tena M(X,y,z) B mr000it MoMeHT Bpemenu t onpenensiercs ¢pyHkimen 7 =
T(X,y,z,1).

Tako# npouecc onuckiBaercs AU depeHIuaIbHbIM YPaBHEHUEM B YAaCTHBIX
NPOM3BOAHBIX  BTOPOTO  MOpsiAKa - TaK  Ha3blBa@MbIM  ypaBHEHHEM

TEIUIONPOBOJHOCTH Wi ypaBHEHHEM Dypre

-a—T:aﬁ.T, (2)
ot

' U3omponnwiii mamepuan uMeeT 0JMHAKOBbIC GU3NUIECKHE CBOMCTBA BO BCEX
HaIpaBJICHUSX.

2 H30mepmuueckas nogepxHocme COICPKUT BCE TOUKH MOJIS C OJMHAKOBO#
TEMIIEpaTypOM.



rae a - KO3POUIMEHT TeMIepaTyponpOBOIHOCTA, KOTOPBI 3aBHCHT OT

(bu3nyeCKUX CBOMCTB MaTepuaa, a BEIpaKeHHe

2 1 F.
ﬁ=;2+;2+;2 G)
X Iz

ABIIIETCS omeparopoM Jlamaca B IE€KapTOBOW CHCTEME KOOpPAMHAT IS
TpEXMEPHOW MPOCTPAHCTBEHHOW 00JIACTH OIIPECeNICHUs TeMIiepaTypHoro mois (1).
B  ynpoméHHBIX YacTHBIX  ciy4asX, IpU  BO3MOXHOCTM  IpPEHEOpEUb
pacnpoCTpaHEHUEM TeIUIa 10 OJHOW WM JIBYyM KOOPAMHATAM, PACCMaTPUBAETCS
JIBYMEPHOE UM OJHOMEPHOE I0JIE COOTBETCTBEHHO.

B YPaBHEHUHU TEILTONIPOBOHOCTH (2) K03 puIeHT

TCMIICPATYPOIIPOBOIHOCTH IIPU ITOCTOAHHOM 00BbeMe Tella BEIYHCIISIETCS KaK

- [_J @)
cp | &

Ha OCHOBC TGHJ’IO(I)I/ISI/ILIGCKI/IX XAPAaKTCPUCTHK HArp€BacMoro Mmcrajuia:

. | Bm
L, | =——— | — ko3 hHIIMeHTa TelIONPOBOIHOCTH;
Lm-°CJ
Ke
P, |— | — TVIOTHOCTH;
M
| Mo y .
e, | ——= | — ynensHoii TETUIOEMKOCTH.
Kz °C

[To cBoeMy uznueckoMy cMbICTy KOXDPUIIMEHT a XapaKTepu3yeT MepeHoc
BHYTPEHHEUW JHEpPrumM Tejia W SBIACTCS KOAI(PPUIUEHTOM MPONOPIUOHATEHOCTH
MEXJly IUIOTHOCTBIO IMOTOKA TEeIJIa U TPagueHTOM OOBEMHOM KOHIIEHTpaIUu
BHYTpE€HHEW »5Heprun Tena. OH YKHCIEHHO paBEH KOJWYECTBY TeIlia,
MPOTEKAIONIETO B €AUHUILY BPEMEHH Y€pe3 €IUHUILY TOBEPXHOCTH, MPU MEPENAJIEC
O00BEMHON KOHIICHTpAIIMK BHYTpPEHHEH >HEpruu B 1 ,ZZofc/MS HAa €QUHULY JJIVHBI
HOpPMAJIH.

Bo MHoOrmx TemjgoBbIX TIpoIleccax BHYTPU Tejlda MOTYT JeHWCTBOBATh
WMCTOYHUKH TEIUIa, KOTOPHIE MOTYT OBITh MOJOKUTEILHBIMU U OTPUIIATEIHHBIME. B
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JTaHHOM y4eOHOM MOCOOMHU 33/1a4u Ha UCCIIEI0OBaHUE MPOIIECCOB TEIJIONEPEAAYH B
Telax C BHYTPEHHHMHM HCTOYHHUKAMU HE paccMaTpUBalOTCA. J(OMOTHUTENbHYIO
WH(OpMAaIIUIO 11O ATOM TeMaTHKEe MOKHO HaliTu B tutepatype [1, 10].

B nanpHeitmem Oymem paccmaTpwBaTh HECTAIIMOHAPHOE OJHOMEPHOE
TeMIIepaTypHOE ToJie (TeIUI0 PacCHpOCTPAHSIETCS B OJTHOM HaIlpaBiIeHUH, HAIIPUMEDP
B HalpaBJE€HUU OCH X), 0€3 BHYTPEHHUX HCTOYHHKOB TeIja, KOTOPOE

OIMMCBIBACTCS YPABHCHUECM

- -2
ar_ 0% 5)
ot Ox

Curyauusi, Korga TMpud  MOJEIUPOBAHUM  PACIPOCTPAHEHUS  TeIlia
YUHUTBIBAETCS TOJBKO OJHA KOOpJAMHATA, BOOOIIE TrOBOps, BO3HUKAET B JABYX
CIIyJasix:

1. Ilpu paccmoTpeHMM Hpolecca Hepefadyu Terjaa Mo JJIMHE OECKOHEUHO
TOHKOTO  CTEpKHA C  TEIUIOM30JIMPOBAHHOM  OOKOBOWM  IOBEPXHOCTHIO.
TemmonzonAuus MoApa3yMeBaeT, UTO OTTOK/IPUTOK Temia ¢ OOKOBOM
MOBEPXHOCTU OTCYTCTBYET (puc. 1, @), a OTCYTCTBHE TOJILIUHBI CTEPXKHS JEIaeT
OECCMBICIIEHHBIM HCIIOJb30BaHUE KOOPAMHAT Yy M z. Ha mpakTuke TOJIUHOU
CTEpP>KHS MPEHEOPETaIoT, €CIM €ro JJIMHA B JIECATh U 0oJiee pa3 00JIbIlle TOMIIUHEI.

2. IIpu paccMoTpeHuu: mpoiecca nepeaadn Temnja Mo TOJIIWHE IUIACTUHBI,
KOTOpasi, B MATEMaTUYECKH CTPOTOM ONpPEIETICHUU MPUHUMAETCS] OECKOHEYHOU M0
HIMpUHE U BbICOTE (HEorpaHWuYeHHas IulactuHa). Ha mpaktuke ke, TOCTaTOYHO
TOTO, YTOOBI IIMPUHA U BBICOTA IUIACTUHBI ObUIM B JECITh U OoJiee pa3 Oouibliie
TomuuHkl (puc. 1, 6). B aToM ciyyae TeMiepaTypbl B COCETHUX TOUKaX, JICHKAIIHX

Ha HEKOTOPOH TuIocKocTH X = &, T.e. C OJAMHAKOBBIM 3HAYECHUEM KOOPJWHATHI X,

HO C pa3HbIMHU 3HAUYCHHUAMHU KOOPAMUHAT Yy H Z, 6YJIYT OJAHNHAKOBBI, 4, 3HAYHT,

oT aT
nepenaja TeMIepaTypbl MEXIy HUMH OylIeT paBeH HYyJIo, T.€. — = — =
pcran paTyp Ay YACT p Yo, oyl x=¢ ~ 9zl x=¢
0. A 92T _9%T 6
. A, CJIEIOBATEJIbHO, U BTOPLIC MPOHU3BOJIHBIC 9yZ| x=¢ — 9,2| x=¢ OYAYT paBHBI

62
HYJII0, TaKUM o0pa3om, onepatop Jlammaca (3) Beipokaaercs 10 A = R



U30MepMUYecKasn
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Puc. 1. OpHomepHas Tensiosas 3ajaya:
g — TEN0BOI NOTOK Ha rpaHWile, BIHAOWHHA Ha TeAiepaTypHOE Mojie Tena

VYpaBHeHUE TEIUIONPOBOMHOCTH (5) yCTaHAaBIMBAE€T CBSI3b  MEXIY
BPEMEHHBIMU W MPOCTPAHCTBEHHBIMM HW3MEHEHUAMHU TEMIIEPATYphl Tela, T.€.
MAaTEMATHYECKU OMUCHIBAET MPOLIECC NEPEAAYN TEIIa BHYTPHU TEJIA.

Takoe ypaBHeHHME uUMeEeT OECUMCIEHHOE MHOXXECTBO perieHui. Jls
pelIeHns] KOHKpETHOM (pU3MYEeCKOM 3ajauu, pacuéT TeMIepaTypHOIo MoJis Tejia B
7100011 MOMEHT BpeMeHH, CHOPMYITUPOBAHHOE YPaBHEHUE JOKHO YAOBJIECTBOPSAThH
HEKOTOPBIM JOMOJIHUTEIIbHBIM YCIOBUSAM OJHO3HAYHOCTH OIPEACICHUS €ro
peuieHui. TakuMu yCIOBUSIMU SBJISIFOTCA HAYaJIbHOE U TPAHUYHBIE YCIOBUS.

COBOKYITHOCTh HAa4YaJIbHOTO M TPAHUYHBIX YCJIOBUN HA3bIBAETCS KPACBBIMHU
YCIOBUSIMM, @  COOTBETCTBYIOLIAs  3aJada,  COJAEpJKallas  ypaBHEHHE
TEIJIONPOBOJHOCTH, HAYAJIbHOE ¥ TPAHUYHBIC YCIIOBHUS, - KpAa€BOM 3aayeil.

HauvansHoe ycnoBue 3amaer pacnpencsieHue TeMIleparyp B HadalbHBIN

MOMCHT BpCMCHU

T(x,0),y = T(x,0) = fi(x). (6)



Bo MHOrmx 3agayax  HayaJgpHOE  pACHPENEIICHHE  INPUHHUMACTCS

PAaBHOMEPHBIM, T.€.

T(x,1) I'(x,0) = f, =const. (7)

=0 N

['panuunbie ycnoBusi (GoOpMyIUpYIOTCS B BHUJE 3aKOHA B3aUMOJCUCTBUS
JJAHHOTO Tejla C OKpyKawouied cpenoil. B cimywae mporiecca TermmooOMmeHa 06e3
BHYTPEHHHX MCTOYHHMKOB TEIJla TPaHUYHBIE YCIOBUS HCHOJHSIIOT  POJb
VIOPAaBJSIIOIIMX ~ BO3JACWUCTBHUM,  T.€.  SBIAIOTCS  NPUYUHOM  HM3MEHEHHS
TEMIIEPATYPHOI'O pPACIpPENEIEHUs B paccMaTpuBacMoM Tene. B sToM ciydae
TOBOPSAT O BHEIIHEM TeIuiooOMeHe (ra3oBble TI€YM, DJIEKTPUUYECKUE €YU
conpoTuByieHus1). B 3aBUCMMOCTH OT crioco0a 3aJlaHusl TeMIEPaTypHOIO pPexuMa
Ha TpaHUIAX TeJa, TPAaHUYHbBIE YCJIOBHUS MOTYT OBITh pa3iInyHbIMH. PaccMoTpum

OCHOBHBIE TUIIbI TPAHUYHBIX YCIOBHM.
1.3. TPAHUYHBIE YCJIOBUA

Haubonee oOmuit um Hanboiee CIOXHBIM crmocod 3aJaHus TPAHHUYHBIX
YCIIOBUM OMNUCHIBAET TEIIOOOMEH MEXIy IOBEPXHOCTHIO TBEPAOTO Tela U
OKPY’KAIOLIEN CPEeNor - Ta30M WIM KUAKOCThIO. Hampumep, BO3ayx HarpeBaeTcs
oT 0arapeu OTOIUIEHUS, €T0 TUIOTHOCTh YMEHBIIIAETCS U OH YCTPEMIISIETCS] BBEPX, a
Ha €ro CMEHY NpPHUXOAST HOBbIE MOTOKHU XOJOJHOTO Bo3ayxa. Takum oOpazom,
BO3HHMKAET JABMKEHUE Macc BO3JyXa (KOHBEKIHsA), B pe3yibTare uyero Oarapes
OMBIBA€TCS BCE HOBBIMM M HOBBIMM IO-TOKaMmH. [Ipr 3TOM KOJIWYECTBO TeIla,
OTIIAaHHOTO Oarapeeil Ha HArpeB BO3[yXa, 3aBUCUT OT Pa3HUIBI TEMIEPATYP
BO3JlyXa M TOBEPXHOCTU caMoi Oatapeu. [pyroil mpumep - NPUHYIUTEIHHBINA
00/1yB paiuaTopa B CUCTEME OXJIAXKIEHUS Ipolieccopa.

[TonoOHBIM  TEmIO0OMEH BCTpeYaeTcss TMOBCEMECTHO U Ha3bIBaeTCs
KOHBEKTUBHBIM TEII000MeHOM. OH TaK)K€ UMEET MECTO U IIPU HArpeBe XOJOTHOTO

TeJa MOTOKOM Ta3a WM KUJIKOCTH 00Jiee BBICOKOM TeMIlepaTyphl.
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3aKOH KOHBEKTMBHOTO TEIJIOOOMEHAa MOXKET OBbITh YHPOIIEHHO OMHCAH B
BUJIE 3aKOHAa HpIOTOHA: KOJIMYECTBO TEIUIA, NEPEIaBAEMOr0 B €AUHUILY BPEMEHU
noBepxHOCTH Tena (TemioBoii moTok ((t)) OT OKpyKaromied cpemsl ¢
temnepatypoii T¢(t) B mporecce HarpeBa MpsiMO TMPOIMOPIUOHATBHO Pa3HOCTH

TEeMIIepaTyp MEXIY MOBEPXHOCTHIO TeJla U OKPYKAIOIIEH CpeIoi:

g(t) = o To(1) - T (1), (8)

] - KO3(DPUIIMEHT TEIIO0TAaYH, WM KOd(PhUIIMEHT TermiooOMeHa,

r Bm
ac 4, [MZ-"C
YHCIICHHO paBEH KOJIMYECTBY TEIlIa, OTAABAEMOro (WJIH MOTyYaeMOro) eIMHULICH
IUIOMAAN TTOBEPXHOCTH TeJla B CIUHUILYy BPEMEHU TPU PA3HOCTH TEMIIEPATyp
MEX1y MOBEPXHOCTBIO TeJla U OKpYy»karoieit cpeaoit B 1 °C;

T,(t) — TeMmepaTypa OBEpXHOCTH Tea’,

I' — rpanuna rena.

du3nvecKuii CMBICT BBIpaXKECHHS (8) 3aKI09acTcss B TOM, YTO 4eM OoJIbIe
Pa3HOCTh TEMIIEpATyp MEXKIYy OKpPYXalUed CpeIod U TeMIepaTypou
MOBEPXHOCTU Teia, TeM Obictpee UAET HarpeB. C yMEHBIIEHHWEM pPa3HOCTHU
TEMIIepaTyp B TIPOIIECCEe HarpeBa, CKOPOCTh HArpeBa CTAHOBHUTCS BCE HIDKE U
Hke. [Ipu paBHBIX TeMmIepaTypax HarpeB BOOOIIE HE MPOUCXOAUT. TakuMm
o0pa3oM, coOIoOAaeTcsl TJIaBHOE W OYEBUJIHOE YCJIOBHE: TNMPU KOHBEKTHBHOM
TEIJIOOOMEHE TEJI0 HE MOXKET HarpeThCsl BBINIE TEMIIEPATYPhl OKpPYXKaromeh
CpeIlbI.

TemmoBoii TOTOK 4Yepe3 TOBEPXHOCTh BHYTPh Teja IMPH HArpeBe paBeH

NPOU3BEACHUI0 KO3 (UIIMEHTa TEMJIONPOBOAHOCTH A W MPOU3BOJHOM MO

HaIpaBJICHUIO BEKTOPAa HOPMAJU 11 K TOBEPXHOCTH TeJa: A - (2_,:) I
i r aJ'r LY
r{—-_ J = a(T (1) =T (1)), te(0,). 9)
a.f"!' T

Nuorna Beipaskenne (8) MOXKET ObITh 3aIMMCAHO WHAYE:

3
CumBozn I' B uHziekce 0003HavaeT, 4YTo CyHIecTByeT HEKOTOpasi MOBEpXHOCTH [,
3aJJaHHasi MPOU3BOJIBHBIM 00pa30M, SIBJISIONIAsICS TpaHULIel TBEPIOTO Tela U, €CIH

TOYKaA IIPUHAIJICIKHUT eﬁ, TO 9TO I'paHUYHas TOYKaA.
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A[ﬂ] =ofT.(t)-T(M,1)), Mel, te(0,m),
on Jr

HO €0 CyTh OT 3TOT0 HE MEHSETCS.

B cmywae, xorga paccMaTpuBaeTcs —TEMIIEpaTypHOE IIOJE  Tella
KaHOHMYECKOH (hopMbl (TUTacTUHA, WJIMHAP, 1I1ap), BEKTOP HOPMAJIU OBEPXHOCTH
COBIIAJAET, JTUOO MPOTUBOIOJIOKEH 10 HANPABJIECHUIO C OJAHOM M3 OCEel CHUCTEMBbI
KOOpAMHAT, B KOTOPBIX ATO TEJIO OMUCHIBaeTCA. T0oraa MOXKHO OT MPOU3BOJHOMN 1O
HAIpPaBJICHUIO BEKTOpa HOPMaJIM NEPEUTH K MPOU3BOJHOM MO MPOCTPAHCTBEHHOM
xoopauHare. s ogHOMepHOro ciydas (puc. 1) rpaHumna Tenna omnpeznensercs,
(dakTuyecku, AByMs miaockoctsaMu: npu X = 0 u npu x = L. Ilpu sTom Ha neBoit
rpanune (x = 0) BekTOp HOpPMaluW K TOBEPXHOCTH OYyIET HaIlpaBieH
POTUBOMOJIOKHO K ocu 0X. A Ha mpaBoii rpanuiie (X = L) - coHanpaieH ¢ OChI0
Ox. 3gecs L - nnuHa HarpeBaeMoro CTEpKHS WIM TOJIIMHA OECKOHEUHOM

miacTuHbl. Torga rpannyHoe ycinoBue (9) 3anUChIBA€TCS CIEAYIOIUM 00pa3oM:

~7,6T(x’»’2! =aT-(1)=T(0,1)), 1e(0,); (10)

¥ x=0

L) =a(T;.(t)-T(L,1)), te(0,). (11)
ax x=L

3nak muHyc B (10) mosBisieTcs Kak pa3 u3-3a TOT0, YTO BEKTOP HOPMAJIH Ha
neBoi rpanutie (X = 0) HampaBJIeH B MPOTHUBOMONOXKHYIO och 0X CTOpoHY.

Takoif crmoco® 3amaHusl TPAHUYHBIX YCJIOBHUM Ha3BIBACTCS B JIUTEPATYpE
rPpaHMYHBIMHM ycJoBUsiMM Tperbero poaa (I'Y3). Dtor cmocob sBisieTcs
HauOoJsiee MPUOMKEHHBIM K peaibHOM CUTyalluu, HO, OJHOBPEMEHHO, U HanboJiee
CJIOKHBIM [IJI1 TIOMCKAa AaHAJUTUYECKOro pelieHus. bonee mpocTeie cliyyau
(rpaHUYHBIE YCJIOBHUSI TIEPBOIO U BTOPOTO POJia) SBISIOTCS YACTHBIMHU CIydasMu
['Y3 u peub 0 HUX NOUIET HUKE.

KpaeBas 3amaua TEIionpoBOAHOCTH TPETHETO poja JUIsl CTEPAKHS JIUHBI L

3aMUChIBACTCS B CIICAYIOIIEM BUJIE:
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T (x,t) _ aazT(x,l)

5 = , xe(0,L), te(0,0); (12)

T(x,0),, =/folx), xel0,L]; (13)

ATED 0 -T0,0) 1e(0,); (14)
ax x=0

PLA%1) = (T (t)-T(L,1)), te(0,). (15)
ax ix=L

A
Ecnu B 3agaude (12)-(15) npuHsThH, 4TO OTHOIICHUE i 0 (manpumep, eciu

KOA(PPUITUEHT TEIJIOOOMEHA OYeHb BEJIHK), TO JIeBbIe JacTH ypaBHeHHH (14)-(15)

CTaHyT PABHBI HYJIIO!

L)) . T-(t)-T(0,8), te(0,); (14a)
o Ox x=0

_A aT(x,Q _ B : 5

'y a ox rnl, T(‘(t) T(L)t)’ te (0,00), (lba)

U TOT/Ia TPAaHWYHBIC YCIOBUS OYyIyT ONpPEAENsITh HEMOCPEICTBEHHO TEMIIEpaTypy
TeJa Ha TpaHuWlle. Takue TpaHUYHBIC YCJIOBHS HA3bIBACTCS T'PAHHUYHBIMHU
ycaoBusimu nepsoro poaa (I'V1).

KpaeBas 3amaua TerionpoBoIHOCTH MIEPBOTO POJIa JIsl CTEPKHS TUHBI L, ¢
TEIJION30JIMPOBAHHOW  OOKOBOW  IMOBEPXHOCTHIO, TIPH  3aJaHHBIX 3aKOHaX

VM3MEHEHUS TEMIIEPATYPHI HA TPAHUIAX CTEPIKHSI, UMEET BUJL

aT(x,I) 22, aazT(f,t), xe (O,L), te (0,00); (16)
ot Ox

T(x,1),_, = fo(x), xe[0.L]; (17)

T(0,0)= £,(t), te(0,»); (18)

T(L,t) = f,(t), te(0,). (19)

[Ipocrenmmii 4YacTHBIM Cily4yald I'paHUYHBIX YCJIOBUM IIEpBOrO pojaa -
TEMIIEpPATypa Ha MOBEPXHOCTHU TeJIa MOAAEPKUBAECTCS TOCTOSTHHON Ha MPOTSKEHUH
BCero mnpoiecca termioodmena, T.e. T(M, t) = f(t) = const, M € I'. Takas cutyanus
MOKET BO3HHMKATh MpU TEIIOOOMEHEe MO 3akoHy HbIOTOHA MEXIy TeaoM C

O0eckoHeYHO OOoNbIUM KOA((PHUIIMEHTOM TeTI00OMEeHa U OKpY>KaroIel cpeaon C
13



NOCTOSTHHOW Temrieparypoid TC(t) = const wim MOXKET OCYHISCTBISTHCS TpH
MOMOIIM  CHEHMUAIbHBIX  YCTPOWCTB,  HCKYCCTBEHHO  MOJACPKHBAIOIINX
MOCTOSIHHYIO TeMIIepaTypy Ha OBEPXHOCTH Tena [1].

Ha mnpaktuke Takas cuTyalus HE BCTpEYaeTcs, OJHAKO aHATUTHYECKOE
penieHue kpaeBoi 3a1aun ¢ ['Y1 HaxonuTcs ropaso mpoiie, YeM MpU OCTaTbHBIX
'Y, moatoMy B psiie ciaydaeB, KOrjJa HMMEETCs BO3MOXKHOCTbh IpeHeOpeyb
HETOYHOCTBIO OINUCAaHUS TPAHUYHBIX YCIOBUHM, HCIHOIB3YETCS YMPOIEHHAS
MOCTaHOBKA 3aJlayu MojienupoBanus ¢ ['Y1.

I'pannynoe  ycaoBue  Broporo poaa (I'Y2) Bo3Hukaer B
BBICOKOTEMIIEPATYPHBIX MeYax MpH TEIUIONepeaye u3IydeHrneM, Koraa Tpedyemas
TEMIEpaTypa M3[eNus 3HAYUTEIbHO MEHbBIIE TEeMIepaTyphl HU3Iy4arolux
MOBEPXHOCTEH, M BIMSHHEM TEMIIEpPaTypbl MOBEPXHOCTH HArpeBaeMoro Tejia Ha
BEJIMUYMHY BHEUIHETO TEIUIOBOTO MOTOKA (KOHBEKTHUBHOM Temuionepeaauei) MOKHO
npenebpeub. [loBepXHOCTh HarpeBaeMoro Teja IMOIJIOIAET TEIUIOBOM MOTOK OT
U3ITYYaloNINX €ro HarpeThIX CTEH U CBOJIA TEUH.

['pannuHOE ycimoBHE BTOPOTO poja MOXKHO noiayuuTs u3 ['Y3, ecinu
IPUHATH, YTO BIUSHUE TEMIIEpaTyphl MOBEPXHOCTH HArPEBAEMOTO Tella Ha TOTOK
TeIjIa HECYIIECTBEHHO, T.€. B (14)-(15) npuHsaTh, 4TO

o/ ,{
L] . q,(t), te(0,0); (146)
Ox x=0

0T (x,t) B
ATLL =q,(t), 1e€(0,). (156)

Jns crepxkHs mmHB L KpaeBas 3ajada TENIONPOBOAHOCTH BTOPOTO poja

3aIIMIICTCA B CIICAYIOIICM BUJIC
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afé?””aﬂf’ﬂu xe(0,L), #e(0,0), (20)
T(x,t),_, = fo(x), xel0,L]; (21)
—-?%j:’” =¢,(t), 1e(0,0); (22)
=0
aT(x,t)
A——1 =
x|, 7:(t), te€(0,0). (23)

B mnpocrteiiliieM 4YacTHOM ciydae TpPaHUYHBIX YCJIOBUM BTOpPOro poja
TEIUIOBOM MOTOK SIBIIIETCA MOCTOSHHOM BEMWYMHOU. Takasi cuTyalus BO3HHKAET,
KOTJIa BCE UCTOYHUKH U3JIYYECHHUSI MOKHO 3aMEHUTh HA OJMH, XapaKTEPU3YIOIIUICS
HEKOTOpPOW cpeaHer temneparypoil. Ecimm Temmeparypa NOBEpPXHOCTH Tela
3HAYUTEJIBHO MEHBIIE CPEIHEW TeMIleparypbl MEYH, TEIJIOBOM IOTOK MOMKET
CUMTATHCS ITOCTOSIHHBIM.

I'panuyHoe yc/ioBHe 4YeTBEPTOro Ppoaa COOTBETCTBYET TEINIOOOMEHY
COINIPUKACAIOIIMXCS TBEPJbIX TEJ, KOrjga TeMmIeparypa Tell B MECT€ KOHTAKTa
OJIMHaKOBAa, WJIM KOHBEKTUBHOMY TEIIJIOOOMEHY TeJla C dKUJKOCThIO.

B 3Tux cnydasix COOTHOIIEHHE pABEHCTBA TEMIIEPATYP

T.M, ). =T,(M,1) .. te(0,) (24)

r
JOIIOJIHACTCA COOTHOIICHUECM  PABCHCTBA TCILUIOBBIX IIOTOKOB B oOmacTu

IIPUKOCHOBCHHUA

, 1€ [ﬂ,m;, (25)

rae I - TOBEPXHOCTh CONPUKOCHOBEHHUS TEIT;
T1= Ti(x,y,z,t) = T1(M,1) - TemnepaTypa epBoro Teia;
To= Ty(x,y,z,t) = To(M,t) - Temnepatypa BTOPOro Teja.
Takum o00pa3oMm, 0OpH CYIIECTBEHHO HECTAIMOHAPHOM KOHBEKTHBHOM
TEINIOOOMEHE JUIsi TOYHOTO pEIICHHS 3aaadyd  HEeOOXOIMMO HCIOJIb30BaTh

TPaHWYHBIE YCIOBUS YETBEPTOTO poja. B To ke BpeMs B OOJBITUHCTBE
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IIPAKTUYECKUX CIy4aeB JOCTATOYHO MCIOJIb30BATh T'PAHUYHBIC YCIOBUS TPETHETO
poJa, NaroIue, X0TA U IPUOIMKEHHBINA, HO JOCTaTOYHBIN pe3ybTarT.
PaccMoTpeHHBIE THIIBI TPAaHUYHBIX YCJIOBUW OXBATBIBAIOT pEAJIbHbBIC
IPOIECCHI TerIooOMeHa. MHOT1a rpaHuYHbIE YCIOBHS Ha Pa3HBIX YaCTAX TPAHUIIBI
3a1aI0TCS MO-pa3HoMY. B 3TOM cirydyae BO3ZHMKAeT cMelIaHHas KpaeBas 3ajayva.
CaMmplii pacripOCTpaHEHHBIM ClIydyail BOZHUKHOBEHHMS CMEIIAHHOM KpaeBOM
3a/auy - y4€t ycnoBus cummeTpud. Hanpumep, npu Harpese crepxus (1'Y3) npu
OJIMHAKOBBIX YCJOBHUSIX Ha 00€MX TPaHMUIIAX M HYJIEBBIX HayaJbHBIX YCJIOBUSX,
TeMIepaTypHoe mosie OyAeT BeCTH ce0s CHMMETPUYHO OTHOCHUTENIBHO IEHTpa
cTrepkHA. Torma MOXKHO pEIINTh CMENIAHHYIO KPAEBYIO 3aJady Uil CTEP KHS
MoJOBUHHOM inHbI ¢ ['Y3 Ha onHON rpaHuue u HylneBbiMU ['Y2 Ha BTOpOH, a
MOJIy4YEHHOE PEIIeHUE 3aTeM OTOOPa3uTh OTHOCHUTEIBHO IIEHTpa CUMMETpuu. Bot

KakK 6y,Z[CT BBITJTIAACTD IIOCTaHOBKA CMEIIaHHOM 3aJa491 B OIIMCAHHOM CJIy4ac:

T _ 0T (1)

, x€(0,L/2), te(O,oo);

ot ox’
T(xt)|_, =0, xel0, L/2];
-K?I‘(E”t)J G a(T(‘ (t)— T(O’t)), t 6(0300),
0x im0
7&(37-(}:,1) -0, te (0,00).
2 N

2 MOAEJIMPOBAHUE OFBEKTOB C PACHHPEJAEJEHHBIMH
IHAPAMETPAMMU BTOPOI'O ITOPAIKA

2.1. METOAUKA MOAEJIUMPOBAHUSA OB BEKTOB
C PACITPEAEJTEHHBIMUA ITAPAMETPAMHU

UccnenoBanuto 3ajady mMaTeMaTH4ecKOW (U3UKM U METOJaM HMX peEIIeHUs

MOCBSIIIEHO MHOXECTBO padoT.
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Krnaccuueckre MeToAbl pelIeHHs YpaBHEHHM MaTeMaThdeckoi (u3nku
COCTOST B TOM, 4YTO HAxXOJWUTCS COBOKYIIHOCTb YacCTHBIX pEIICHUH,
YIOBJIETBOPAOIMX U PepeHIMaAIBHOMY YPABHEHUIO U TPAHUYHBIM YCIIOBUSM,
IIOCJIE Y€TO HA OCHOBAHWHU IPHUHIIUIIA HAJIOKEHUS COCTABIIAETCS CyMMa HaWICHHBIX
YACTHBIX peLIeHUH, KO3((ULUUEHThl KOTOPBIX ONPENEISAIOTCS M3 HAYaIbHOI'O
YCIIOBHSI.

HaunOoiiee pacnpocTpaHEHHBIM H3 KJIACCHYECKHX METOJOB SBIISIETCS METOA
pasneneHus nepeMeHHbIX. Kilaccmueckue MeETOoAbsl HE Bcerja yaoOHbl JUis
PaKTUYECKOTIO MPUMEHEHUS, IO3TOMY pacCMaTpUBAThCS HE OyayT.

bonee  3(p¢deKTUBHBIMM M  YHHUBEPCAJIbHBIMU  SIBIISIIOTCS.  METOJIBI
MHTETPAJIbHBIX MPEeoOpa30BaHUN, KOTOPbIE Pa3ESIOTCS Ha METOAbl KOHEUHBIX
MHTErpaJIbHBIX NPEoO0pa3oBaHUll U OlepalMoHHble MeTO/Ibl. OCHOBHOE YJI00CTBO
MHTETPAJIbHBIX MIPE0OpPa30BaHUN COCTOUT B UCKIIIOUEHUHU MPOCTPAHCTBEHHBIX WIIU
BPEMEHHBIX ITPOU3BOJHBIX B YPAaBHEHUAX 00BEKTAa B MPOCTPAHCTBE M300paKeHUH,
U 3aMeHe onepauuil 1udQepeHrpoBaHns M0 IPOCTPAHCTBEHHBIM KOOpAMHATAM
WIM BO BPEMEHHU Ha COOTBETCTBYIOLIME aNreOpanyecKkue ornepanu B ypaBHEHHUAX
JU1S1 U300paKeHUH.

HccnenoBanue 3a7a4u ¢ KOHEYHON 00J1aCThbi0 U3MEHEHUS TPOCTPAHCTBEHHBIX
NEPEeMEHHbIX OOYCIIOBWJIM  pa3BUTHE METOJOB KOHEUHBIX HMHTETPalIbHBIX
npeoOpa3oBaHuid, HJEsS KOTOPbIX COCTOUT B TNPUMEHEHUH HWHTErPajbHOro
npeoOpa3oBaHusl 1O MNPOCTPAHCTBEHHOM KoopauHare. Ilpu wuccnenoBanumn
OOBEKTOB CTaHJAPTHOW reOMETpUYECKOM (DOPMBI B KaU€CTBE AJI€p MHTErpaIbHBIX
npeoOpa3oBaHUll HCMOJB3YIOTCA CHUHYC- M KOCHMHYC- mpeoOpa3oBaHusi Dypebe,
npeoOpa3oBaHusi XaHKENS U IpyTrHe.

VYHuBepcagbHBIM METOJOM pEUIeHUs 3aJad MaTeMaTH4ecKol (pu3uku
SBIIIETCS ONEPALMOHHBIA METOA (METOA HMHTETrpaibHOTO MpeoOpa3oBaHus
Jlannaca), ¥ qanee penieHue 3aauu TeIIONPOBOIHOCTH OYAET OCYIIECTBISTHCS C
ITOMOUIBIO 3TOr0 METOA.

Meton npeoOpa3zoBanus Jlamigaca cOCTOUT B TOM, UYTO PEIICHHUE UIIETCSA He

nns camoit (ymnkumm Bpemenn (opuruHana) f(t), a mmsa eé mzobpaxenus f(p).
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[lepexon Kk W300paXEHUIO OCYIIECTBISETCS MPH TOMOIIM HHTErPAIbHOTO

npeoOpa3oBanus Jlamimaca OTHOCUTEBHO TTEPEMEHHO
f(p)=[/@)-ede=L{f ()}, (26)
1]

rJe p - KOMIUIEKCHOE yucio (rmapametp Jlamnaca).
Korna maiineHo pemieHue 3agaud B H300PaKEHUSAK, OCTAETCS OMpee-TUTh
€ro OpWUTHHAJ, YTO BBINOJHACTCS C TIOMOIIBID O0OpaTHOTO mMpeoOpa3oBaHMs

Jlarumaca B o6miem cirydae 1mo ¢hopmysie oOpamieHus

- f f(p)-e"dp. @7)
T J o ko

fO =)}

KontypHoe unTerpupoBanue (27), mpoxosiiee B KOMIUIEKCHOM MJIOCKOCTH
p = &+ jnpBOoap  mIpsMoOi 0 = const, mnapayIeIbHOW MHHUMOM  OCH,
OCYIIECTBJISICTCS. METOJaMH TEOPUU (DYHKIIMA KOMIUIEKCHOTO TIEPEMEHHOTO, U B
o0111eM cllydae SIBJIICTCS CAMOCTOSITENIbHOM CII0KHOM 3a7auei.

B GonpmmHCTBE ciydaeB, K KOTOPHIM OTHOCSITCS TTOABJISIONIEE KOJTMYECTBO
TUTIOBBIX O0OBEKTOB, 0OpaTHOE MpeodpazoBanue Jlarmmaca MoxkeT ObITh BBITOJIHEHO
Ha OCHOBE TaOJIMI] CTAHIAPTHBIX U300PKCHHMN.

Ecin m3obpaxenne f(p). mpeacTaBiseT coOoOif OTHONICHHE IBYX IEIBIX
TpaHCHEHACHTHBIX QYHKIINN (000OIIEHHBIX TTOJTMHOMOB TIapaMeTpa ), U IPH 3TOM

IMOJIMHOM 3HAMCHATECJIA HC COACPIKUT CJIaracMoro € HYHGBOﬁ CTCIICHBIO IMMapaMcTpa

p

= o(p) _ag+ap +azﬁ'2 +...
f(p)= =
y(p) blp+b2p2+,.,

, (28)

TO MO TEOPEME PA3IIOKEHUSI OPUTHHAI (DYHKIIMH MOXET ObITh ONpeeEH KaKk

= [0P) _$ 0

; 29
wip), =vip,) #)

I'ne pn— npocteie KopHHU QyHKIHH Y (p).
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Ecin m3oGpaxenue f(p) IpeACTaBISET OTHOIIEGHHE IBYX HOJIMHOMOB,
OpUYEéM CTEIEHb IOJIMHOMA YHCIHMTENsS ¢ (p) MEHBIIE CTEIEHH IOJIMHOMA
sHameHaress Y (p) u nonuHoM P (p) uMeeT KOpHU KpaTHOCTH K B TOUKax pp, TO B
3TOM ClIy4dae TeopeMa PasioKeHUs HMEET BT

2 o(p) 1 [ d 7 [ee)Xp-pa)
e L{ (p) z(fc 1) plapﬁdp“ vy o

rzie cymMMa 6epéTcs 1o BceM KOpHaM f(p).

CnemyeT OTMETHTH, YTO HAWOOJbINAs TPYAHOCTH B PEIICHUH YPaBHCHHSI
TEIUIOMPOBOAHOCTH TPHU PA3TUYHBIX KPACBBIX YCIOBHSIX COCTOMT B HAXOXXICHHUH
OpHMI'MHAJIA 110 MOJTy4eHHOMY M300paxkenuto T (x,p). [ GONBIIMHCTBA THIIOBBIX
OOBEKTOB OKa3bIBAETCSl JIOCTATOYHBIM HCIIOJIb30BAHUE TaOIHUI H300paKeHU
COOTBETCTBYIOIIUX (YHKIII WM TEOPEMBI Pa3lIOKeHUs (B CIydae MPOCTHIX WIIH
KpPAaTHBIX KOpHEN).

Ha ocHOBaHMM H3JI0)KEHHOTO, MOXET OBbITh MPEAJIOKEHA ClIEAYoas

MCTOAMKA PCIICHHU KPACBbIX 33144

1. Bemonnsercs mpeoOpa3zoBanue Jlammaca (26) mo BpeMeHH K

mu(-hepeHnaIbHOMY YPaBHEHUIO TEIJIONPOBOAHOCTH (5)

(07,0 _,| 8°T(x.0)
2 Ve I g 2l
G } | o G1)
re U300pakeHue TEMIIEPATYPHOTO TOJISl OMPEIEIIeTCS KaK
T (x,p)=L{T(x,0)}= [T(x,1) e 7" dr. (32)
0

B pesynprate (31) momywyaercs HEOAHOPOAHOE (MPU MPOU3BOJIBHBIX
HAYaJIBHBIX YCJIOBHSIX) OOBIKHOBEHHOE aHu(phepeHIInaIbHOEe ypaBHEHHUE BTOPOTO

NOpPSAAKA C MOCTOSHHBIMU KO (HUIIMEHTAMH OTHOCHTEILHO H300paxkenus T (X, p)

2
pT (%, p) - T(x,0) = a2 ‘"’;}" -P), (33)
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2.Haxonurcs oOree pelIeHue MOJYYEHHOTO HEOJIHOPOJHOTO
nuddepenimansHoro  ypasHeHust (33) B mpoctpaHcTBe u3obpaxenuit T(x,p)
(MeTomuka pemeHus AuQGEepeHIMATBHBIX YPAaBHEHHH BTOPOTO M BBICIIIUX
HOPSIIKOB U3y4YaeTCsl B Kypce MaTeMaTHUECKOTO aHAIN3a).

OO6miee permreHre HEOTHOPOIHOTO YPAaBHEHHS SIBIISCTCS CyMMOW 0OIIero
pelIeHus] COOTBETCTBYIOIIETO OJHOPOJIHOTO YPAaBHEHHUSI U HEKOTOPOTO YaCTHOIO
peleHus: HEOJTHOPOIHOTO.

Jlis HaxoXAeHHs OOIIEero pemeHus OJHOPOAHOro U depeHIInaTbHOTO

d"T(x,
YpaBHEHUS BTOPOTO (MJIM BBICIIETO) MOPSAKAa HA OCHOBAHUM 3aMEHBI # - rh
x
COCTaBJISIET XapaKTePUCTHUECKOE anredpanveckoe ypaBHEHHE (B

paccMaTpuBaeMOM  CiIy4ae KBaJpaTHOE YypaBHeHHe). Kaxnomy  KOpHIO
COOTBETCTBYET CBOE pEIlEHUE, JIMHEHHAs KOMOMHAIMs JTUX pEIIEHUuH C
NpOU3BOJIBHBIMU  NOCTOSIHHBIME  C; u €, sBisercda OOMIMM  pelIEHUuEM
OJTHOPOJHOT'O YPaBHEHHSI.

2.2. Haxomutcsi 4YacTHOE pEUIEHHWE HEOJHOPOJHOIO  ypaBHEHHS,
COOTBETCTBYIOILIEE MTPABOM YaCTH HEOAHOPOJHOIO YPAaBHEHUSI METOJIOM BapHalluu
nwmn Merogom Kommu. Ecnaum ypaBHeHUs TmpaBasi 4acTh YpaBHEHHS HUMEET
CIEUAJIBHBIA BUJ (UTO BCTPEUAETCS JOCTATOYHO YACTO), PEIICHHE MOXKET OBbITh
HalIEHO MPOCTHIMU aNreOpanuyecKUMH MpUEMamH.

2.3. 3anuceiBaeTcs 00111ee pelieHue HeOJHOPOIHOTO YPaBHEHHs, KaK CyMMa
oOLIero penieHus OAHOPOJHOIO YPaBHEHUS M MOJYYEHHOI'O YAaCTHOIO PELIEHUs
HEOJHOpoIHOTO. PesynbTaT OyaeT conepxars nBe HeusBectHbie C; 1 Cy,

3. OnpenensieTcs 4acTHOE pEHICHHE HEOTHOPOIHOTO MU depeHIanTbHOTOo
ypaBHEHUS, YIOBJIETBOPSIONIEE 3aJaHHBIM IPAHUYHBIM YCIOBHUSAM.

s 3Toro ¢ momoulblo mnpeoOpa3zoBaHus Jlammaca rpaHUuYHBIE YCIOBHUS
NEPEeBOMASITCS B MPOCTPAHCTBO M300paKEHUM, OTKYyJa B pe3yJbTaTe COBMECTHOTO
pelIeHns IByX MOJIYYEHHbBIX YpaBHEHUN HaxoAsaTcs 3HaueHus C,; u C,,

4. Ilpm nomomm Tabmuubl OOpaTHbIX MpeoOpazoBanuii Jlaraca wiu

TEOPEMBI Pa3JIOKCHUS HAXOAUTCS OpUTHHAN perneHus T (X,t).
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